
 

Groups with periodic cohomology

Def topological spherical space form

is a mfld covered by the sphere
i e M 5 6 finite G Askfreely

Q What G occur Classification

8 54 she has no fixed pts
D antipodal

deg 8 fight

I even deg 0 1 G Inc

Thus assume k odd
Goal Gmust satisfy p condition p
ie CpxCp 4G



Cohomology of groups

K G 1 BG is based

CWcplxst.ITG T D if 1

Remark G finite BG finite

In BG BG

Def 1 HMG H BG 955
n 9 it these

Def 2 H G Extra 2,2
free resolution of A R module

FA Fn F Fo

Hi FA
A i o

o i so

ExtR A B H Homp Fa B



Cyclic Cq r As rz fzre

C S Icp Eck

periodic free resolution

0 242cg Eca e o

the N Eri norm

Concatenate to get free resolutio

Fy Ice gc 2cL

Hom F 2 222 2

Ca
4k never

0 nodd



Theorem If GAS freely n even

then H'G H G Viso

It G 2 161

PE 5 G CW complex

periodic free resolution

O 2 Cn 5m C 5 zeo

G Co Care Core Ceo

11ᵗʰG HG

5 6 has single o en 1 cell
Co Cat
IG IG

QED



Another proof Spectral Sequences

G 5 G EG

t 1
6 Bo

EG s XgEG 5

SEGxosmtsk.siTTG 50

HP G
9 5 1 HPᵗ9 s G

H 5 461 0 isnt Hm 5 6 19H ight
IGI

n 1 HOG H'G

E Egg
0 HOG H'G ING H G

do 00

E
O HOG H'C 16 0



G satisfies pq condition
all subgroups of order pg

are cyclic

Theorem If GAS freely neven

then H'G H G Viso

It G 2 161

Cor If G A 5 freely then

G satisfies p condition CpXCp G

If Assume Cpx Cpa G

CpxCp A 5 freely

CpxCp is n periodic

Contradicts Kinneth Them



Def G has period n if G 2
161

Period of G is smallest n

E.g Period Ca 2 Period Qs 4

Spectral Sequence exercise

podd Period Dap Cp 2 4

Period Ca 3 6

Thm Cartan Eilenberg

TFAE

a G has period n some n

b G satisfies p2 condition p

p odd Gp cyclic
c Gp P 5lb Youp p 2 Gz cyclic

or generalized
quaternionic



Thm Cartan Eilenberg Swan

TFAE

a G has period n HG 2 161

b Fi M H G m G M

c izo M H G M H G M

d periodicfree res OEF n Fora

e Few di.mx n 1 x ̅ I
T G

f periodic pros res

o E Price Po c 0

Pi f g.pro IC modules



Variants of Spherical
Space Form Problem

G finite group with period n

Q1 Riem mfld Mwith KEI
IT M G

Q2 Mtld M with M G MES

Q3 finite CW complex

with T X G x ̅ 5

V04 CW complex with T X G

x ̅ S



Q1 Riem mfld M with KEI

IT M G

G O n fpf
Solved Flist

Dim 3 Hopt
Dim 73 Vincent Wolf

G o n fpf G satisfies
pq condition



Q2 Mtld M with M G MES

Thm Petrie 7Mt MISS st

I.IE Taao a

I M does not satisfies 3.7 condition

hence not space form

Thm Milnor Lee Davis dihedral

group Dap does not act freely on sphene

Thm Madsen Thomas Wall

G acts freely on sʰ some k
G satisfies p and 2p conditions



Q4 CW complex with T X G

x ̅ 5

Once Fat F as 0

HG 2 161

o e Pn epoeceo

xst.it a.xesm
5 x Klo I



Q3 finite CW complex

with T X G

5 one fame reforcto
fg free

Eg Swan Yes for G Dap
E g Davis No G Q 6

x y z x't y
8 1 yay x 2 1 21 yz zy

Then G T X x ̅ 53

but there finite such X

i e Ffg prog OsceBt reports

but no f g free Onezery forced

E 1 IP K DG

8 F


