
 

APPLYING CHAIN LEVEL POINCARE DUALITY TO
THE STRING TOPOLOGY OF THE 2 SPHERE

JOINT WITH THOMAS TRADLER

I INTROTO LOOPSPACE STRING TOPOLOGY

II I ALGEBRAIC

HI SOME ALGEBRAIC MACHINERY

II SOME CALCULATIONS FOR S2 Hz
I SPECULATION

STATEMENTS

THM 2007Menichi H ILS2 Hz and

HH H S2Hz H S2Hz are not isomorphic
as BY algebras

THM 2023 PTradlerlWell actually we can

correct the BV structure on HH so that there

is an isomorphism of BY algebras

DEF A BV algebra Ai A is a graded commutative

associative algebra A o together with an operaIn

A Ai A it such that
11 12 0

121 I need notbe a dervation of but itsdeviation
from being a derivation is a derivation in
each variable

A ab IIIa b t a Alb a b



I STRINGTOPOLOGY BY ALGEBRA

study operations on loop spaces
look for invariants of underlying spaces

PRE HISTORY GOLDMAN BRACKET

BASIC MOVE

app

DEF LetTo be the setof free homotopy classesof
loops on 2
Let It be the freeabeliangroupIp module Q1 vs
generated by ToHuu



DEF a Let a Cp C To then

as cp7 2 I Capp
perp

b Extend linearly to

Halt H Goldman bracket

THIN Goldman 8os C is well defined and gives
It the structure of a Lie algebra

SLOGAN String topology generalize the
Goldman

bracket

FIRST STRING TOPOLOGY OPERATIONS

DEF X a space LX Maps Sfx
freeloopspaces_Cotton

REMARK If M is a manifold LM can begiventhe
structure of a manifold dim

COMPARE Fix PEX DX Maps sfo Xp
basedloop space



PRODUCT l DX has concatenation Pontryagin

product

nxxrxe rx.fi
PRODUCT 2 M closed oriented d dim manifold

n
Hilm Hj M Hit d M

iiiiiiiti.a.im li.iii
intersection Pnd t

CHAS SULLIVAN LOOP PRODUCT combine these 2
products

Let Ai LM be an oriented i cell

I
Aixs 2M I dimensional familyofloops

in M parametrizedby Ai



Evaluation LM 8 S M

evaluate a loop at ae t basepoint
M Flo

H e o

M

Let Di LM be an oriented j cell in Ln

Assume families of basepoints intersect transversally
m M

If p is in the intersection locus have 2 loops

with basepoint p
CONCATENATE ALONG INTERSECTION Locusts

THM ChasSullivan99 This parametrized concatenation

induces a partially defined

Cilmi Cj ul Citi d ur

induces loop product

Hilon Hj kN t Hit d lur

graded associative commutative



FURTHER

a M LM constant loops induces

H.IM n Helm atg morphism

b rm IN restriction to basepoint

Lev
Induces

M

Him H d rn

BY OPERATOR X any space
r

s X LX LX rotation

10,8 ti 8ltto

Hits QHj LX Hit Is'xLX Hit LX

Fix side H Cs

induces H LX Hot LX

e o
THM Chas Sullivan

H LM d is a BV algebra



THM Cohen JonesYan 2003 Menichi 2007

H.lu 2tz f27
OtoZhGkTotftzo2tzCp.dHk

k Ipkfk 2

Lk de
_dktefk.peO A 144 0

Hope pkte
A Rk Kdk it kfk

II HOCHSCHILD COHOMOLOGY BY ALGEBRA

Let A be adga over a commutative ring R
M dg module over A

DEF Hochschild shift Ij Aj

CHOLAMI tIHmlA9M a i an

y earn
Differential D DatD my

ditomk

Dd Y ai air dmfloe er tf ai daj an

D Y ai ar a flee a t YLai ajay't En

Yle air art



D
2 0

Hochschidogy
HH CAM H CH LAMI D

normated cochains Y vanish if any input is 1 c I

THM today CH A M CH AM quasi Iso

GERSTENHABER CUP PRODUCT ON HH A M

DEF 4 AIL A 404 AI A in A

4 I A ta arts t4la ar tart Iris

Mtm Gerdenhaberbos D is a derivationof u
Induces

HH CA A H AA Hola A

THU Cohen Jones 2002 M closed oriented simply
connected Let A C M singular cochains

F isomorphism of graded commutative

algebras

H Chul HH AA u

QUESTION What about a BV structure on HAYAA


