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normal distribution p2
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e

#infinis
distover any

reate space.

if you have a norm.



Our Normed vector space isHermitin

NxN matrices.

(an
z.zZin

A
=an.i.)

At =AS

Dim of Hermitic
matrics.

N +2N
- 1)
=

N +N-N

=N2
N2

SHermitral
=
#

maNics

Use the usual normof IN?



No become thismorm is
not

natural itis not
invariat

under the active of the untanyge.

Hm>UHU-

((aii,zi))) = +2(zi)
i<j NrAZ

u(N) -> O(N)
NARIN(OAU")

NrCV"rFAv)
1

frAZ



=>We have a warmon
h
/

hermitin
NXN metics.

given by NAL
- NAL
2

ce

- h
ANormal distribution

M

invaintonce the
activ

funitary an
V: complex N-dim vector space.
with a temitic matric harmN, V)

wasa matral nomadist



We are interested in expected
valuesof

-
NA2
2

SCAPCNABCAY)Be dVul.
of

h A translati
irvast
vemh

-

-
NA2
2 dVnl.

a↓Ace
⑨



In how manydiff ways you can
give the edges of a 2n-gon to
obtain a sphere?

n =1 bi-gu

↑ I way

n=2 square

1 ↑
2 ways

X) 7.



n=a Hexagon

559 ②
#

E -S

-.......

5/

54 ⑰L
(5)

5
Xj

5 ways
L↳

n=4 Octagon

Try it!
There are it was.



H Draw all 14 ways
--

for the 8-son;

->
a

Catulan numbers

#shel)polytops. AgA
-

(x,y) 1

(xy)zX(yz) 2 nombent.

⑭yzN 5 I Catula
⑭zwn 14



These numbers 1, 2, 5, 14,...

are obiquitous.
· numberof ways

to parenthesize
n letters,or number of vertices

of starshelf's polstops

· moments of the
semi-circle law

2

1x * dx ↑..
·e) Catalan numbers

· # of ways toconnect
a ribbos

to a disk with en disjointintervals

onit togetto bornary components



Two Ribbons added to a disc

so thatwe have three boundary circles

/

Neyl N
Thereare two ways Thisdoesn't

-

= ↓) countnow
- since I**= 1
= only one

boundary.
- b

1- n =2- 29

b =n+1
g=0 =>

b =n- 1
g =1 #=>

b=n- 3
g =2 =>



we can ask there questions about

aen-yon for g
=0, 1, 2, 3, ...

or alternatively f bn+1,n- 1, n-3,..
and organize

this information in the

following polynomials
re (X)=1X

2

viaP(X) =1X

rrr P(X) =2X +53 0 X 133

2 113x5 15

rr P(X) =5x4
+10x

1x3x5x] 105

zimPy(X) =14x5
+70x3+21X

raPf(x) =42x6
+420x

++4832
↑

↑ moments
⑥

g=0 3=1 g=2

ofthermalor
or

b=a+1 b=n- 1 b=1-3
dist



meaning of that "10"

M

5 n+ ↑ 7 -7

& -1
L ↓

--> & ↓ 1..

↑3

1.515.

-

15. &
↑

There were & ways!



⑮ ②

- -
·i3 · m)&a

⑧ D

Rotate1800 & Glue!

you can
also say there are

10 ways
-

to connect is ribbons to 10 ......i
↓
....
--

-
/

to obtaina surface with

2 boundary circles

- b
1- n = 2- 29

↑ ↑
↑

3 A
2



These polynomials have a closed
TheEuler chan

S of moduli spaceformula (Havez-zagia ofcorns.
1986

P(x)=n!. ne).
e

(k+1)!
k=0

LotsNote:Mathematical ideas and
notches ofQFT

See Eting

They also satisfy and are
determined by

Pr(x)=nxPn(x)+ents(n-3)PxeSPo(x) =x,P,(x) =x2 (Haver-zagia)
1986



Let'sswitch topics and talk

a bit aboutRandom
Matrices

(Gaussian UnitaryEnsemble
aka LUB

hp=NxN Hermitian matrices

=(a)A
E=A)

=Ne N +2NN
- 1)

=N2

↑

as a vector space

he has a norm which isnotthe

Euclidean worm

(A) =A2 =3xi+22x,z
ic



Has a natural Gaussian distribution

-

1A2
2

Ce

with respecttowhich we
can find

the expected values of
the traces

of the powers of
a matrix

-
trA2
-

E(NY) =NAU ce
2

dA

↑

hN translation
the measure

onthe vector

Ihm Havel-Jagin 1980 space hN

R(AY =Pn(N)



-u(x)=n!.ee.
me

(k+1)!

Pr(x)=nxPn(x)+ents(n-3)PxeSP.(x) =x,P,(x) =x2 (Haver-zagia)
1986

re (X)=1X
-Ear P(X) =1X2

rrn P(X) =2xx

rr P(X) =5x4
+10x2

zimPy(X) =14x5
+70x3+2X

EgmPz(x) =42X+yanox
+

↑
↑

g=2
g=0 or
or

b=nt b=1-3



-
trA2

S NA" dA=Pr(N)ce

hN



Note thatwhen Nwe have the

usual moments of standard
normal

distribution
+&

(yz++e
--ay

=(2n-1)!!
-8

1 X

2 1 =1!!
1 X

3 =3!!
2x3 +1X

15 =5!!
5x4 +10x2

1445 +70X3+ 21 x
105=7!!

2 945=9!!
42x6 +420x+ +483X



Wigner's (Semi-Circle Law)

f(x) dx

int(trf(*)cedA =N
ho

-I

y

momentsof
the semi-circle law
when f(x)=x=n



Polgrectorfield & divergence operator

SA(X) =0

M manifold of
dimen

a volume form

T(a
*TM) T(X*T*)

isom H
/ -"
x.

<R
f()-> fc ↑d

n- 1

div ↑ in<R

diX=GH- 4dX n-2

war
xyc)(Hixry



M =h
NA2
--

w =ce
=

vul
translationinvvalume.

...-hsai,xxChiX

aretilenberg in
↑eventialguarded
Lie algebra
-



*o

(Ng*d)E> (eiG, 8)

d =[,j

[,3:914
-5

[,5.,*-98
l

-

R *

Proof noxy*= =j-
--

dw (X,Y) a derivatio
-...-



xy = SoSi] =CBEF)
wksfor
any of

that

is graded and
hasa diff
dgla

d: S(is)
*

*

d =dy
++[,]

*



clai

(P.(h) =S(y)p(A)())
*

A=(a,b)
a
=
=0

(a)=1
b==0

(b) =2
ab=0

d(a)=b
d(b) =0



Inthistalk Iwant toexplain
Thisusing cyclic cohomology
and the Loday -Quillea-Tsygan
map.

Let Abe an Ax-algebra

LOTgives
a map

sym((yc(a)) -> CB(g)p(A))

when N&
we getquasi-isom

of "honotopy" Hopf-algebras



map?

CycA) Cyc'(MNxw(A))

Cyc(Mrxn(A)) ->CB(g)p(A))
↑

↑

Cn-coinvariants Sn-coinvariants

of TCNXN matricesonA) ofTCNxNmatricesmA)

Ihm when A cyclicAg-als

of dim 3,
then

LOT map isa map of

B algebras.



whatisthe BV strm both sides?

osym(yc(A) string Top
Bracket
Morsher, Koutsevish
TradeZ., KoofmannCip(A) isa Lieals ( Goldman

C

working => SymCyc(A) is a Liealy
with the

augmented Chevalley Bilmberg chaiscyclic
Cahmulas

string Top
Cobrachet

Cyc(A) is
a Lie sulgebra jKarfman (TradeZ.

Toraed
=>derivation on Sym Cyc(A)

- Le brachet (dest2)
- Lie cobrachet (deg-2)

==> (8+1)
=
0

- Compatabilis(dego
Drinfold
+involutive



3fromthe rightside.

M manifold my volume
elemati

Koszul
1985 (X.(M) -> 2"-jm)

X --> iw
X

transportof d =divergence
-

div
....
-> C(M)(,(X,(M) -> XCo(M) to

2

If you like Hodge theory
*

d
*

... Asims -> sms* LiMi



A =4[ab(r,b2,ab>
[a,b) =1

a b
X A*E1] =x,3
3x 4 4

O dego deg-1
"335

d(b) = -a



|a1

when A=4 [a,b] (b=2

/
(a2,b2,ab)

da=3

<a,b)=1

ClgeN(A)) = (.(hN)*4↳
BV whlt Gossian

divergence

Punchline:
X

x X
1- trAS

X x

X

X--> a dS = -x

|x)=0 (a)=1 <X,5) =1
15) =1 (b) =2



whatare the rules ofD on

Sym (CycA)?

x

+

X
X

S

3
⑤

x 5 x

·

empty
circle"=N

· change a 3 to -x

· leta is eat an x and

read off whats left.
· Two circles my one circle

chas
stringBracket( Sullivan,Goldman)

· one circle was two circles

string Cobracket(shrThiran,Turner)



X

P(;) =-
X

+ N2

2)=Nz
=p,(N)

X

CP(x,y=- xxX
X

+ 2N # XX

X



[x x] =2Nwe+[x]

P((*0) = - xx

+N
Therefore

[xx] =N

tha,] =eNNesaN



P. (x)=1X

P(x) =1x2

P2(x) =2x3 +1X

Py(X) =5x4 +10x2

Py(X) =14y5 +70x3+21X

P5(x) =42x6 +420x
++483X2

There is a similar story for

the orthogonal ensemble where

cyclic at <dihedral
sale

CE(gON) <> Cr(ON)



MTraceCalculations

Frn elementary cyclic can calculative

&trApry =N"(2n-1)!!

<AJNr(AY)) =NV(zn+N3(2n
- 1)!!

(n+1)!! N=1

<AN A2) >
(2n)!! Nodd>I

= (N2-2)!!1 Never

N2tc,e
Proposition
2n - 1

7.AR trAn-k> =<trA2n
+2

>
+2N<trAr

k=1 X

Proof:n=3, 34xx
xy



more interestingl

↑

Ch-- kn & Al--ho can be expressed
explicitly. ('C's more explicitly thanA's)

Generalization of Wigner's semi-circle law

For references see joint work with

Owen Gillian, Gregory Ghat
and

Alastair Hamilton


