
Pseudofree Finite Group Actions on 4-Manifolds

& IISER-Kolkata
Feb 25 , 2025

Theorem [Hambleton - Pamuk , 22, [19]] : If a finite group G acts
-

endofreely,ylinearly andthomologicallytrivially on a

I. com , oriented 4 manifold with X(M) 0 , then

*ukp(G)1 , p25 and(G)2 , for p =
2
,
3.

p -

11.
ht

Theorem [Edmonds , 98] : G W closed
, simply-connected

with by 13 thin G is relic
and acts serifreely.



· rank (G) : ↑ rack :

ran)M(A way to measure

a finite group (

E G = EX12X1y

rank (G) = 2 ; ranks (G) = 1
,

rank(G) = 2.

· GAM : G X M -> M ① em = m ⑪ g(h(m)) = (gh) m .

· Fixed point set of a subgroup : KG

yk = (x =M)hx = x , thek]

- Singular Set : E =UM
· Free Action Semifree Action Pseudofree Action

no fixed points free action on a complement free action except for

of a fixed set the whole a discrete set.

& Ag]

NX
group. (E = MG) (I is discrete .)
G =T3 ; M = S2

G = 42x4 = Ge, V,02,u]
* U M = 52xs - (n,v)i [Vi) = La

v(n , v) = (a , uv)
· v=i ;

:



· Homologically trivial : G AM > induced action on #
*

(M)

is trivial.

-
isotropy

subgroup.

· Locally Linear : GAMS
,
FxEM , F a Gx invariant

ubd Vx s .t . VxFIRS and Gx x Vx orthogonally.
24 , 24] dimM

x(M) = [(-) "dim H
*
(MiQ)

Lets look at the following theorems once more :

Theorem [Hambleton - Pamak , 22, [193] : If a finite group G acts
- -

pseudofreely , locally linearly and homologicallytrivially on

-
-

a closed ,
connected and oriented 4-manifold M with non-

zero Euler Characteristic
, Thenraukp(G) 11/15 and

-

rant(6)< 2 for p = 2, 3 .

rankp(G) = 2 : p = 2 , 3 : [xpG

· E2X12 1 M ->

· EXEs A M

prank= 1 : minimal subgroups : cyclic , quaternion , metacyclic

Theorem [Edmonds , 98] : If a finite group G acts pseudofreely,

locally-linearly and homologically trivially on a closed simply-

connected 4-manifold with b. 13 thin G is cyclic and
=

acts semifreely. Crank = 1)



The questions were : · can we eliminate rank 2 or rank 1 groups

acting in this way ?

If some rank2 or rank 1 do act in thisI
way, can we put restrictions on M?

[
· Can we extend Edmond's result beyond

simply-connected-ness ?
H* (M ; <(p) ; <p=p
-

· IXXM- > M must have 2-local homology and
intersection form of S3XS2

· L3Xz & M -> M must have 3- local hom of KP2

· EX &pAM -> no action.

P25



Action of E2XI2 on M1 :

Th : O Cohomology of Finite groups [Kenneth Brown] :

-> Alejandro-Adam .

Using Resolutions [5] Using topology [2]

Peft : Let G be a group andR be a G-module.

The Group Cohomology of G with coeff in R is

H
*
(G ; R) := H

*(k(G, 1) ; i) [Eilenberg 19mF]

(Eilenberg - MacLane Space , KIG, 1)) : Let G be a group.
A CW-complex X is called an E

.

M Space of K(G , 1)

for the
group G if (X) = G and the universal

over of X is contractible.

k(k
,
1) ES'

;
k(12 , 1) = RRD a.

De : "Classifying space) The orbit space BG , of

the universal principal G-bundle

G EG -> BGEEGIG
.

·

[X , BG) = PrinG(X)
f
*

EG-EG
+ -> f

*
EG. I

X => BG



Lama : If G is a discrete group ,
then BG is a K(G, 1) space.

[Alejandro Adem].

H
*(GiR) = H

*

(k(G, 1) ; R) = H
*

(BGiR).

↳ -> 5
*
-> IRP

*

Example: D G = &2 .

H
*

(,) = = (u)/(2x) : n = H2(2:2)

11

·
P = prime.

③ G = Eac H
* (Gi4) =YUMMY-

u
,,
42 H(Git)

M
= H3(Git) .



Borel Construction :

G = finite group .

G -> EG -> BG principal G-bundle

M = closed , connected
,
oriented G-manifold.

MG = MXgEG = (MxEG) /G .

Associated Bundle : EG Es BG principal

MG xEG/G = MG- > BG

m (m , e) -> +(e).

Borel Cohomology : H*(M) := #
*

(MG) H-cohomology
= functor .

Er ge H
*

(BG) , me H*(M)

gm =
*

(9) um .

makes H* (M) a H
*
(BG) module.

[39, Tom Dieck].



Bore Spectral Sequence :

Consider the bundle M -> Ma-BG.

TheLerray - Serve spectral sequence of the above bundle is called

Bore spectral seq.

Theorem : Given M -> Ma -> BG and a trivial

action of I (BG) = G on H
* /M) , J a who seg.

& E**, dry with E2-page

+1

ER = H
*

(G ; Him) =*** HG(M)
st . O do : E- Er

k+r, l - r+ 1

② ER - RerdYng dra

· H(M) admits a filtration

n - 1
,

1

0 = Em
+ <[* CFC

...

CLO= Ha(M) ·
L

n - 1
,

1

Fh- ,y 1,0 = Ex
R
,

nok .

=/HM) =
DE

E


