
 

FREE LOOP SPACES AND TOPOLOGICAL

COHOCHSCHILD HOMOLOGY I

Joint with Anna Marie Bohmann and BrookeShipley

Good Describe a new approach to

the homology of free loop spaces

Ha LX k LX Map s x

via topological cottochschild homology

thermal For M a simply

connected closed smooth manifold if for

some field k the Betti numbers

dim Hi YM k are unbounded then M

has infinitelymany
distinct closed geodesics

in any
Riemannian metric



one classic approach to Hs LX is

through Hochschild homology

Hochdhomology

let k be a commutative ring and A a

k algebra Form a chain complex C A
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di
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t cycles last element to the front

2 Didi 22 0

Exact
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Defn HH A Ha C A

Example HHo A
A

ab bag
AKA A

Two other perspectives
on HH

If A is projective as a module over k



HHn A Tort A A

exercise in homological algebne

There is a simplicial perspective

AOAA AOA A 0

2
1 0

we can define a simplicial k module

HH A with q simplices HH
A
q
A 8th

face maps are the map di

degecies
Si ao 0dg Ao Ai 1 Ait Aq

o i q

Dolcorespondence

HHS A Hs C A To HH A



Goodwillie Burghalea Fedorowicz 1985

For Xo pointed space

Hs LX HH C RX

pointed loopspace
singtains

Thicek new approach to Hs Lx via

Hochschild invariants

IDI Look at Hochschild type invariants for

Coalgebras

Algebras Coolgets

Commutative ring 12
commutative ring k

the A over
cover

product coproduct

d AKA A Δ C core



unit counit

y
R A E C K

associativity
Coassociativity

do

AOA A COC J C

unitality counitality

do lidoy id 0o yoid id e of id d Δ

Cottochildhamology Doi
70 s

let D be a coalgebra over a field k

Define a cochain complex
D

DODOD DOD D O

where to define S we exand



DODD DD D 0

Si D
19th dogtz

S
la Do Id't o i q

Y Δ 119 qtl

t cycles lint entry to last

S Ec Dis

Def CottHq D 118 D

Note

CottHq D Cotorsfoop D D

The Cochain complex above comes from

a Cosimplicial k module Coth D

with CoHH D 9 108
1



i Cofaces are maps fi above

DOD Codegeneracies

o soft B 8th

D D o la enld't o i
q

1

TopologillochschildhawlogyCBokseat

IDE translate conduction fromalgebra to topology

rnttmrngte.IE mult mrn ir

unit y R

f

groundring 2 spherespectrum

HHA THH R



For a ring spectn R form a simplicial spectrum

THH R

THHCRlq
1219

1

lace and degeneracies as before

PARAR
dg

ldin mild osicq

19191 unlane lot
5
8

RAR
1ft so Id nyalaR

THH R THH R

Note For a ring A we write

THHCA for THH HA
Eulenberg Maclane

Spectrum of A

whI
Algebrain Kthey let A be aring

let kn A denote algebraic K groups of A



Def Quillen

Kn A Tn BGL A no

Problem Alg Kthery is very difficult
to compute

directly

Theethods Approximate K theory by more

computable things

Dennistace HCG A

KgA HH A

Goodwife In goodsituation HC A tells us

about the rank of algebraic k theory

Would like a topological analogue of these
invariants that

can capture torsion information

KeA TgTHHA topological
Hochschild
homology



fromTHH can define toplogical cyclic

homology T whith is often quite

close to algebraic k theory

Hochschild homology
ms topological Hochschildhomology

Bokitedt

I
Collochschildhomlay a topological cottichschild

Diil homology
CothH
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COHH D CothH c

COTHH C
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Idiobold o i q

41919 t Dold 5 9 1

Cnc

1 or letting a lot it olig
C

CoTHH C Tot COTHH.CC


